We explore the random walk of magnetic field lines in two-component turbulence by using computer simulations. It is often assumed that the two-component model provides a good approximation for solar wind turbulence. We explore the dependence of the field line diffusion coefficient on the Kubo number which is a fundamental and characteristic quantity in the theory of turbulence. We show that there are two transport regimes. One is the well-known quasilinear regime in which the diffusion coefficient is proportional to the Kubo number squared, and the second one is a nonlinear regime in which the diffusion coefficient is directly proportional to the Kubo number. The so-called percolative transport regime which is often discussed in the literature cannot be found. The numerical results obtained in the present paper confirm analytical theories for random walking field lines developed in the past. V C 2013 AIP Publishing LLC.
I. INTRODUCTION A. The physics of wandering magnetic field lines
The present article deals with the so-called field line random walk (FLRW). In the system which is studied in the following, we assume a superposition of a constant mean magnetic fieldB 0 ¼ B 0ẽz (we chose our Cartesian system of coordinates so that the z-axis is parallel with respect to that field) and a turbulent field dBðxÞ. Such a partially turbulent magnetic field configuration can be found in various astrophysical scenarios such as the solar wind or the interstellar medium. In the current paper, we focus on the solar wind by choosing an appropriate model for dBðxÞ but our results, and the numerical approach used here, can also be applied to other systems such as the interstellar medium. As described above, we have to deal with turbulent magnetic fields. In the theory of random walking magnetic field lines, we, therefore, use methods of statistical physics to investigate properties of magnetic field lines. A characteristic quantity of the physical system discussed here is the field line diffusion coefficient. The latter quantity and its relation to the so-called Kubo number are the central part of the present paper.
B. The Kubo number
Normal or Markovian diffusion is defined as hðDxÞ 2 i ¼ 2jjzj with the diffusion coefficient of wandering magnetic field lines j. Here, hðDxÞ 2 i is the mean square displacement of the possible field line realizations, and z is the coordinate along the mean magnetic field. A critical parameter controlling the transport is the so-called Kubo number defined as
Here, we used the perpendicular component of the magnetic field with dB
In the present paper, we assume axi-symmetric turbulence. The parameters l k and l ? are characteristic length scales describing the decorrelation of the turbulent magnetic field along and across the mean field, respectively.
In the present paper, we employ a slab/2D composite model for the magnetic correlations. In this specific model, the definition (1) is problematic because for slab modes the magnetic fields only decorrelate in the parallel direction and for the two-dimensional modes they decorrelate only in the perpendicular direction. Therefore, the standard definition of the Kubo number cannot be used for the turbulence model used in the present paper. In the following, we compute and discuss the field line diffusion coefficient versus the number K as given by Eq. (1) in which l k is now a characteristic length scale of the slab modes and l ? is the corresponding scale associated with the two-dimensional modes. In the rest of the paper, we still call K the Kubo number but we keep in mind that this definition does not agree with the standard definition of the Kubo number in full three-dimensional turbulence.
The influence of the Kubo number on the field line diffusion coefficient has been investigated numerically (see, e.g., Refs. 1-5) and analytically (see, e.g., Refs. 6 and 7) before. As discussed in the latter articles, there are different transport regimes for different Kubo numbers, K. It seems that there are three known transport regimes which have been discussed in the literature, namely, the quasilinear regime with j $ K 2 , the nonlinear regime with j $ K, and the percolative regime with j $ K 0:7 . The existence of the quasilinear regime is well-accepted. The so-called percolative regime has been discussed by Isichenko. 8 The analytical standard theory of FLRW (see, e.g., Ref. 9), however, does not provide this behavior. Instead of percolation, the analytical theory provides a nonlinear regime in which the diffusion coefficient is proportional to the Kubo number (see below). The nonlinear regime is sometimes called the Bohm regime. For interplanetary studies, a common assumption is that the magnetic field fluctuations admit a strong component of nearly two-dimensional character with dBðxÞ ¼ dBðx; yÞ, comprising perhaps 80% -90% of the turbulent inertial range energy budget (see, e.g., Refs. [10] [11] [12] . The rest of the magnetic energy is contained in so-called slab modes with dBðxÞ ¼ dBðzÞ. As a consequence, the turbulent field can be written as dBðxÞ ¼ dBðzÞ þ dBðx; yÞ. In the literature, this model is also known as slab/2D composite or two-component model.
The two-component model is supported by solar wind data (see Ref. 10) . According to such observations, magnetic correlations in the solar wind have the form of a so-called maltese cross. Similar measurements were done in the following years (see, e.g., Refs. 13-18) which have confirmed this structure of interplanetary turbulence. A review of interplanetary turbulence can be found in the work of Horbury et al. 19 Furthermore, numerical simulations suggest that two-dimensional dynamics is the leading order description of turbulence in the presence of a mean magnetic field (see, e.g., Refs. [20] [21] [22] [23] . The theory of nearly incompressible magnetohydrodynamic (MHD) turbulence (see Ref. 11 ) predicts a collapse in dimensionality making turbulence in the solar wind a superposition of a dominant two-dimensional and a slab component. A more advanced discussion of this matter can be found in the work of Hunana and Zank. 24 The mathematical details of the two-component model can be found below.
II. ANALYTICAL THEORY FOR FLRW
Here, we discuss results provided by analytical theory. Those are tested against computer simulations in Sec. III of the paper. 
where we assumed axi-symmetry with respect to the mean magnetic field. To derive Eq. (2), it has been assumed that the parallel component of the turbulent field dB z is smaller than the mean field B 0 . Furthermore, it is assumed that the phases and magnetic fields are uncorrelated. The latter assumption is also known as Corrsin's independence hypothesis (see Ref. 25) . Another assumption which was used is that the FLRW is diffusive for all length scales and that the field line distribution is Gaussian. The accuracy of these assumptions has been tested numerically and analytically in previous work (see Refs. 7, 26, and 27) showing that Eq. (2) should be valid except some numerical factors for cases where the field lines are indeed diffusive.
B. The two-component model
In the two-component model, the magnetic correlation tensor in thekÀspace has the form
The latter quantity is defined as P lm ðkÞ ¼ hdB l ðkÞdB Ã m ðkÞi, where h…i denotes the ensemble average. The tensor of the slab modes has the form
with l; m ¼ x; y. Here, we have used the Kronecker delta and the Dirac delta, respectively. The other tensor components are zero due to the solenoidal constraint. The twodimensional modes are defined by
if l; m ¼ x; y and P lz ¼ P zm ¼ P zz ¼ 0. In this particular model, the magnetic field vector as well as the spatial dependence is two-dimensional. Above, we have used the spectrum of the slab modes g slab ðk k Þ and the spectrum of the two-dimensional modes g 2D ðk ? Þ which are discussed in the following.
C. The model spectra
For the two spectra introduced above, we use the following forms:
and
In the latter two formulas, we used the slab bendover scale l slab , the two-dimensional bendover scale l 2D , the magnetic field strength of the slab modes dB slab , and the magnetic field strength of the two-dimensional modes dB 2D , respectively. Furthermore, we have used the inertial range spectral index s. The first model spectrum is in agreement with the one used by Bieber et al. 28 The model for the twodimensional spectrum has been proposed by Shalchi and Weinhorst. 29 For the slab modes, we employed a spectrum which is perfectly flat at large scales, and for the twodimensional modes, we allow a general spectrum in the energy range which is controlled by the parameter q. The latter parameter is usually called the energy range spectral index. The physical consequences of the different forms of the spectrum are discussed in Ref. 30 . In Eqs. (6) and (7), we have also used the normalization functions Dðs; qÞ
we used the Gamma-function CðzÞ, and the two spectra are correctly normalized for s > 1 and q > À1.
D. Analytical results
For the turbulence model defined above, Eq. (2) becomes
where we have used the diffusion coefficient in slab turbulence j slab and in two-dimensional turbulence j 2D , respectively. 
For the coefficient of the two-dimensional turbulence, the situation is more complicated (see, e.g., Refs. 7, 29-31). In this case, the large scales of the turbulence spectrum have a strong influence on the diffusivity of the diffusion coefficient. In the present paper, however, we focus on cases where FLRW is diffusive. We can do this by choosing q > 1 in the spectrum (7) . In this case, Shalchi and Weinhorst (see
Equations (8)- (10) allow for an analytical description of FLRW for two-component turbulence.
E. The Kubo number in two-component turbulence
To proceed, we introduce a set of new parameters, namely, the slab fraction a slab ¼ dB
x , and the Kubo number (1). In the following, we compute the dimensionless diffusion coefficientj :¼ jl k =l 2 ? where we used l slab l k and l 2D l ? . By using these parameter and b slab ¼ 2pCðsÞa slab as well as
By definition, the two a's have to satisfy a slab þ a 2D ¼ We can change the Kubo number in the simulations by changing the ratio l k =l ? l slab =l 2D or by changing the turbulence strength dB x =B 0 .
F. Asymptotic limits
Here, we simplify Eq. (11) 
and for small Kubo numbers with K ( 1, we get
Surprisingly, we find for large Kubo numbers the quasilinear scaling and for small Kubo numbers the nonlinear behavior withj $ K. This is a special aspect of the twocomponent model. Below, we use simulations to test these predictions.
III. SIMULATIONS
In Shalchi and Qin (see Ref. 27 ), we have used a code to compute field line mean square displacements and field line diffusion coefficients. In the following, we use the same numerical methods to compute the field line diffusion coefficient versus the Kubo number. To do the numerical work, we use the turbulence model defined above (e.g., two-component turbulence with the spectra (6) and (7)). Simulations of field line wandering were also performed by other authors (see, e.g., Refs. [33] [34] [35] [36] 38) . In Ref. 33 , for instance, the authors studied the field line diffusion coefficient versus the magnetic field strength. The latter parameter is directly proportional but not to equal to the Kubo number used in the present article. We like to emphasize, however, that in the aforementioned article, a different spectrum for the two-dimensional modes was used. In Ref. 33 , the authors used a spectrum which is perfectly flat in the energy range corresponding to the value q ¼ 0 in spectrum (7) . For our simulations, we set q ¼ 2 corresponding to an increasing spectrum at large scale. This difference is very important as discussed in Ref. 30 .
More recently, the field line diffusion coefficient in noisy reduced magnetohydrodynamic turbulence was explored in Ref. 38 . Technically, the numerical procedure used in the latter paper agrees with our work, but a different turbulence model was used there.
A. Details of the numerical code
In order to generate the magnetic turbulence dBðxÞ, we use a Fourier analysis with the settings described in the following. To create the slab component, a periodic box of size 10000l slab and N z ¼ 4194304 points are used. The twodimensional component is created by a periodic box of size 100l slab Â 100l slab and N x Â N x ¼ 4096 Â 4096 points. With the magnetic fields created, we solve the field line equation by a fourth-order Runge-Kutta method with adaptive step size control (see, e.g., Ref. 37). After getting the field lines, we have computed the running diffusion coefficient by using standard methods of statistical physics. To change the Kubo number, we have changed the ratio of the bendover scales l slab =l 2D l k =l ? or the total strength of turbulence with respect to the mean magnetic field dB x =B 0 .
B. Results
By performing the simulations as described above, we can compute the field line diffusion coefficientj versus the Kubo number K. The numerical results are visualized in Fig. 1 . We have also shown the results provided by analytical theory-see Eq. (11) of the present paper and the two asymptotic limits (12) and (13) .
According to our comparison, analytical theory is very accurate. There is only a very small difference between analytical theory and computer simulations. The latter discrepancy was already discovered and explained in previous work (see, e.g., Ref. 7) . Especially, interesting is that we find the quasilinear scaling withj $ K 2 as well as the nonlinear scaling with j $ K. The good agreement between analytical theory and computer simulations found in the present paper for all Kubo numbers confirms fundamental equations such as Eq. (2).
In the general case, one could assume thatj $ K d . According to Fig. 1 , we always have 1 d 2, and there is no percolative regime where we would have d ¼ 0:7.
IV. SUMMARY AND CONCLUSION
In the present paper, we have explored the role of the Kubo number in the theory of random walking magnetic field lines. We have employed the well-established two-component turbulence model which should provide a good approximation for solar wind turbulence. We have used a numerical code which was used before to explore different transport regimes and to test predictions made by analytical theory. The latter theory provides Eq. (11) for the field line diffusion coefficient and two asymptotic limits can be obtained. For small Kubo numbers, one obtains the nonlinear scaling with j $ K (see Eq. (12) of the present paper), and for large Kubo numbers, the quasilinear scaling with j $ K 2 (see Eq. (13)). This behavior is consistent with the results obtained numerically in Ref. 33 . In full three-dimensional turbulence, where the standard definition of the Kubo number can be used, we expect to find the quasilinear regime for small Kubo numbers and the nonlinear regime for high Kubo numbers. In Ref. 38 , for instance, this typical Kubo number dependence was found for field line transport in noisy reduced magnetohydrodynamic turbulence.
The so-called percolative regime, in which we would have j $ K 0:7 , has been discussed by Isichenko. 8 According to Fig. 1 of the present paper, there is no percolative regime if the two-component turbulence model is used. The lack of a percolative regime can also be deduced from Fig. 2 of Ref. 33 .
In Fig. 1 , we compare analytical theory with computer simulations for Kubo numbers ranging from K ¼ 3 Á 10 À3 to K ¼ 3 Á 10 2 . Therefore, we assume that we cover all different transport regimes. According to our results, the theory of field line random walk originally proposed by Matthaeus et al. 9 shows a very high accuracy. Furthermore, our results also support the unified nonlinear transport theory for energetic particles developed by Shalchi 39 which contains the Matthaeus et al. theory as special limit.
